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We propose a scheme to implement a supersensitive estimation of the coupling strength in a
hybrid optomechanical system which consists of a cavity-Bose-Einstein condensate system coupled
to an impurity. This method can dramatically improve the estimation precision even when the
involved photon number is small. The quantum Fisher information indicates that the Heisenberg
scale sensitivity of the coupling rate could be obtained when the photon loss rate is smaller than
the corresponding critical value in the input of either coherent state or squeezed state. The critical
photon decay rate for the coherent state is larger than that of the squeezed state, and the coherent
state input case is more robust against the photon loss than the squeezed state case. We also present
the measurement scheme which can saturate the quantum Crame´r-Rao bound.
I. INTRODUCTION
Cavity optomechanics studies the radiation pressure
coupling between the optical modes and the mechanical
oscillation [1, 2]. Cavity optomechanical systems intrinsi-
cally integrate the advantages of precision detection (op-
tical mode) and signal sensing (mechanical oscillation),
and thus the optomechanical systems provide a useful
platform for the study of high-precision metrology [3–
7]. Recently, a lot of investigation has been devoted
to the estimation of physical quantities based on vari-
ous optomechanical systems [8–10]. These measurement
schemes include weak force detection [11–13], rotation
sensing [14, 15], mass sensing [16, 17], gravity estima-
tion [18], and gravitational wave detection [19].
The cavity optomechanical systems can be imple-
mented with various physical setups. In particular, the
system of ultracold atoms has some advantage over other
systems to realize the optomechanical interaction: (i)
The thermal noise in this system can be largely sup-
pressed because the thermal effect in ultracold atoms is
negligible. (ii) The strong coupling regime at the level
of single quanta can be realized owing to the collective
enhancement effect in the interaction between the cav-
ity field and the atoms. (iii) There are good and tested
experimental techniques in the fields of atomic Bose-
Einstein condensates (BECs) and cavity quantum elec-
trodynamics [20–27]. These features motivate various
applications based on the utilizing of genuine quantum
optomechanical effects.
∗ qingshoutan@163.com
† yuanjibing1@163.com
‡ jqliao@hunnu.edu.cn
§ lmkuang@hunnu.edu.cn
In this paper, we propose to study the supersensitive
estimation of the coupling parameters related to the op-
tical and oscillation degrees of freedom in a hybrid op-
tomechanical system. This system is formed by an opti-
cal cavity, a cigar-shaped BEC, and a two-level impurity
atom immersed in the BEC. Here, both the BEC and
the impurity atom are coupled to the cavity field in the
dispersive regime. The coupling between the BEC atoms
and the cavity mode takes a form as the optomechanical-
type interaction, and the coupling between the two-level
impurity and the BEC is described by the spin-boson
model [28–32]. We consider the optical cavity in either
a coherent state or a squeezed vacuum state. To esti-
mate the coupling rate, we calculate the quantum Fisher
information (QFI) [33–35] of the impurity part in the fi-
nal state, which is related to the quantum Crame´r-Rao
(QCR) bound on the precision of estimator. We find that
the injection of both the coherent and squeezed light into
the optomechanical cavity can improve the estimation
precision to the Heisenberg limit (HL) when the photon
loss rate is smaller than the critical values. The squeezed
vacuum state has advantage over that of the coherent
state under small photon decay rate. As a tradeoff, how-
ever, the squeezed state scheme is fragile to the photon
loss. This is because the squeezing scheme is not only
sensitive to the change of the estimated parameters, but
also to the noise. In this sense, the coherent state is more
robust against the photon loss of the cavity.
The rest of this work is organized as follows. In Sec. II,
we introduce the physical model and present the Hamil-
tonian of the system. In Secs. III and IV, we calculate
the dynamics of the impurity atom and the Fisher infor-
mation corresponding to the coherent state and squeezed
state inputs of the cavity field, respectively. In Sec. V,
we study how to realize the supersensitive estimation of
the coupling parameters. A conclusion will be presented
in Sec. VI. Finally, we add an appendix to show a de-
2FIG. 1. Scheme of the hybrid cavity optomechanical system
for coupling strength estimation. The cavity confines the pho-
tons dispersively couple to a BEC. An impurity atom, de-
scribed as a two-level system (TLS), |e〉 and |g〉, is immersed
in the Bose gas.
tailed derivation of the effective Hamiltonian in the large
detuning case.
II. MODEL AND HAMILTONIAN
We consider a hybrid optomechanical system which
is formed by a cigar-shaped BEC of N two-level atoms
placed in a cavity and a two-level impurity atom im-
mersed inside the BEC (as depicted in Fig. 1). We study
the case where the BEC atoms are coupled to the cav-
ity field via the dispersive coupling, and the coupling
between these atoms are describing by the s-wave scat-
tering interaction. In the frame rotating at the cavity
frequency, the coupling between the cavity field and the
BEC can be described by the Hamiltonian [22, 23]
H1 =
∫
dxΨ†(x)
[−~2
2m
d2
dx2
+ ~U0 cos
2(kx)a†a
+
g1D
2
|Ψ(x)|2
]
Ψ(x), (1)
where a† and a are the creation and annihilation opera-
tors of the cavity with the resonance frequency ωc, Ψ
†(x)
and Ψ(x) are the creation and annihilation operators of
the Schro¨dinger field describing the atomic BEC,m is the
mass of a single atom. In the dispersive coupling region,
the BEC atom-cavity photon interaction induces an addi-
tional potential U0 cos
2(kx)a†a for atoms with the wave
vector k. Here U0 = −g2/∆ac is the maximal light shift
per photon that an atom may experience, with g being
the atom-photon coupling constant and ∆ac = ωa − ωc
the detuning between the BEC atomic resonance fre-
quency ωa and cavity frequency ωc.
As we are interested in the case of weak atom-atom
interactions g1D ∼ 0, which is tunable through the Fesh-
bach resonance, and therefore the macroscopically occu-
pied zero momentum state is coupled to the symmetric
superposition of the |±2~k〉momentum states via absorp-
tion and stimulated emission of cavity photons [22, 23].
The corresponding Schro¨dinger field can be expanded as
the following single-mode quantum field
Ψ(x) = b0
√
1/L+ b cos(2kx)
√
2/L (2)
with L being the length of the BEC. Here b is the anni-
hilation operator of Bogoliubov mode corresponding to
the quantum fluctuation of the atomic field about the
condensate mode b0. Assuming that depletion of the
zero-momentum component of the condensate is small,
we adopt the classical treatment via the replacement
b†0, b0 →
√
N . Substituting them into Hamiltonian (1)
and neglecting unimportant constant terms, then we
get [23]
H ′1 ≃ ~ωmb†b + ~Ω¯ca†a+ ~χa†a(b + b†), (3)
where ωm = ~(2k)
2/(2m) = 4ωrec with ωrec being the
recoil frequency of the condensate atoms. Besides, Ω¯c =
U0N/2 is the effective Stark-shifted detuning. The last
term of Eq. (3) can be interpreted as an optomechanical
interaction and the coupling strength is χ = U0
√
N/8.
In the low temperature limit, we assume that the im-
purity atom is in the ground state of harmonic trap
V (x) = mAω
2
Ax
2/2 that is independent of the internal
states, and hence the spatial wave function is
ϕ(x) =
1
π1/4ℓ1/2
exp(−x2/2ℓ2), (4)
where ℓ =
√
~/(mAωA) ≪ L with ωA being the trap
frequency andmA the mass of the impurity. In a rotating
frame with respect to ~ωc|e〉〈e|, the Hamiltonian of the
impurity atom becomes
H2 = ~∆|e〉〈e|, (5)
with ∆ = Ω− ωc being the detuning between the cavity
mode and the impurity resonance frequency. Here, ~Ω is
level splitting between the ground (|g〉) and excited (|e〉)
states.
For the case of large detuning, the atomic transition
to the excited state is suppressed, then the interaction
between the cavity and the impurity can be obtained as
H3 = ~δac(4 |e〉 〈e| a†a+ |e〉 〈e| − 2a†a), (6)
where δac = g
2
ac/∆ and gac = g0
∫
dxϕ(x) cos(kx) with g0
being the maximum impurity-cavity coupling strength.
Finally, we assume that the impurity atom undergoes
s-wave collisions with the BEC atoms only when the im-
purity atom is in the excited state, and the corresponding
scattering length is aAB. The impurity-BEC interaction
can then be described by the following Hamiltonian [30]
H4 =
4~2aAB
mAB(ℓ2A⊥ + ℓ
2
B⊥)
|e〉〈e|
∫
dx|ϕ(x)|2ψ†(x)ψ(x)
≃ ~δab|e〉〈e|+ ~gab|e〉〈e|(b+ b†). (7)
3Here δab =
4N~aAB
mAB(ℓ2A⊥+ℓ
2
B⊥)L
is the level shift due to the
collision with mAB = mAm/(mA + m) being the re-
duced mass, ℓA⊥ and ℓB⊥ are the harmonic oscillator
lengths of the impurity and BEC in the y, z-directions,
and gab =
4
√
2N~aABe
−ℓ2k2
mAB(ℓ2A⊥+ℓ
2
B⊥)L
is the impurity-BEC coupling
parameter.
Based on the above analysis, the effective Hamiltonian
of the hybrid system can be written as (see the Appendix
for details)
Heff = H
′
1 +H2 +H3 +H4. (8)
By phenomenally introducing the cavity photon loss κ to
Eq. (8), we have
H ′eff = ~ωmb
†b+ ~(Ωc − iκ)a†a+ ~G |e〉 〈e| a†a
+~ΩA |e〉 〈e|+ ~(χa†a+ gab |e〉 〈e|)(b + b†), (9)
where Ωc = Ω¯c − 2δac and ΩA = ∆ + δac + δab denote
the effective oscillation frequency for cavity and impu-
rity, respectively, and G = 4δac is the coupling strength
between cavity and impurity. Note that because the cav-
ity decay κ dominates over the spontaneous decay of all
atoms, thus we omit the effect of atomic decay.
III. DYNAMICS OF THE IMPURITY ATOM
By using Magnus expansion [39–41], the time evolution
operator governed by Hamiltonian (9) can be obtained as
(hereafter we set ~ = 1)
U(t) = e−i(Ωca
†a+ωmb
†b+ΩA|e〉〈e|+G|e〉〈e|a†a)t
×ei(χ˜a†a+g˜ab|e〉〈e|)2[ωmt−sin(ωmt)]e−κa†at
×e(χ˜a†a+g˜ab|e〉〈e|)(λb†−λ∗b), (10)
where χ˜ ≡ χ/ωm and g˜ab ≡ gab/ωm are rescaled dimen-
sionless coupling strengths, and λ = 1− eiωmt.
To proceed, we consider that the initial state of the
total system as
ρT (0) = |φ〉〈φ| ⊗ ρB ⊗ |ψ〉imp〈ψ|, (11)
in which |φ〉 is an arbitrary input states of the cav-
ity photon and ρB is the thermal equilibrium state
of the Bogoliubov mode, defined by ρB = [1 −
exp(−βωm)] exp(−βωmb†b) with β the inverse temper-
ature. Here, the impurity atom is prepared as |ψ〉imp =
ce|e〉+ cg|g〉 involving two-level state |e〉 and |g〉, and the
superposition coefficients ce,g satisfy the normalization
condition |ce|2 + |cg|2 = 1.
The estimation of the coupling strengths χ and g,
equivalent to estimate χ˜ and g˜ when ωm is known, can be
realized by implementing the estimation in the internal
state of the impurity atom. In terms of Eqs. (10) and
(11), we can get the final state of the total system at
time t, and the reduced density matrix elements of the
impurity atom can be obtained by tracing out the the
cavity photon and Bogoliubov mode, which read as
ρeg(t) = ρ
∗
ge(t) = cec
∗
g
∞∑
n=0
e−2κnte−i(ΩA+Gn)t|〈n|φ〉|2
× exp{i(2χ˜g˜abn+ g˜2ab)[ωmt− sin(ωmt)]}
× exp
{
−g˜2ab|λ|2[1− cos(ωmt)] coth
(
βωm
2
)}
,
ρee/gg(t) =
∣∣ce/g∣∣2 ∞∑
n=0
e−2κnt|〈n|φ〉|2, (12)
with 〈n|φ〉 being the overlap between |φ〉 and number
state |n〉. At time τ = 2π/ωm, the last term of ρeg(t)
vanishes, and then Eq. (12) can be reduced as
ρeg(τ) = ρ
∗
ge(τ) = cec
∗
ge
i2π(g˜2
ab
−Ω˜A)
×
∞∑
n=0
e−4πκ˜ne−i2π(G˜−2χ˜g˜ab)n|〈n|φ〉|2,
ρee(τ) = ρgg(τ) = |ce|2
∞∑
n=0
e−4πκ˜n|〈n|φ〉|2, (13)
where we also have defined rescaled dimensionless param-
eters x˜ ≡ x/ωm (x ∈ {ΩA, G, κ}). Based on Eq. (13), we
can find that ρeg carries the information of the coupling
strength χ˜ and g˜ab via the relation O = χ˜g˜ab [10]. In
what follows, we directly consider the precision of O for
estimating the coupling strengths.
IV. QUANTUM FISHER INFORMATION FOR
COHERENT STATE AND SQUEEZED VACUUM
STATE INPUTS
We now introduce the QFI to study the best sensi-
tivity of the estimated parameters in our hybrid sys-
tem. The QFI gives a theoretical-achievable limit on the
precision of an unknown parameter θ via QCR bound,
δθ ≥ 1/
√
νF (θ) with ν being the number of repeated
measurements. To evaluate the QFI, we should first nor-
malize and diagonalize ρ(τ) as ρ =
∑
i λi|ϕi〉〈ϕi| with∑
i λi = 1. Without loss of generality, hereafter we will
choose ν = 1 and ce = cg = 1/
√
2, then the correspond-
ing eigenvalues and eigenvectors are given by
λ1 =
1
2
+
|ρeg|
2ρee
, λ2 =
1
2
− |ρeg|
2ρee
, (14)
and
|ϕ1〉 = 1√
2
[(
ρeg
|ρeg |
)
|e〉+ |g〉
]
,
|ϕ2〉 = 1√
2
[(
ρeg
|ρeg |
)
|e〉 − |g〉
]
. (15)
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FIG. 2. Comparison of QFI on the estimated parameter O
obtained with squeezed vacuum state (red solid line) and
coherent state (black dash line) inputs, when G˜ = 0.1 and
κ˜ ≡ κ/ωm takes different values. Here, r ≈ 0.88 and α = 1
indicate the average photon number n¯|ξ〉 = n¯|α〉 = 1.
Therefore, the QFI with respect to O can be explicitly
expressed as [35–37]
FO =
M∑
i=1
(∂Oλi)
2
λi
+ 4
M∑
i=1
λi〈∂Oϕi|∂Oϕi〉
−
M∑
i,j=1
8λiλj
λi + λj
|〈ϕi|∂Oϕj〉|2 , (16)
where M denotes the number of nonzero eigenvalues λi.
For two-level system we have M = 2 and λ1 + λ2 = 1,
then Eq. (16) will be further simplified as
FO =
(∂Oλ1)
2
λ1(1− λ1) + 4(1− 2λ1)
2 |〈∂Oλ1|λ2〉|2 , (17)
which contains two terms. The first term is regarded
as the classical contribution, whereas the second term
contains the truly quantum contribution [35]. Using
Eqs. (14)-(17), we have F = Fc + Fq,
Fc ≡ (∂Oλ1)
2
λ1(1 − λ1) =
(Re[A])2|ρeg |2
ρ2ee − |ρeg|2
,
Fq ≡ 4(1− 2λ1)2 |〈∂Oλ1|λ2〉|2 = |ρeg|
2(Im[A])2
ρ2ee
,(18)
where Re[A] (Im[A]) is the real (imaginary) part of A,
defined as
A ≡ ∂Oρeg
ρeg
. (19)
In terms of the above equations, we find that the QFI re-
lies on the values of ρee, |ρeg| and A which depend on the
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FIG. 3. The optimal rates of the Heisenberg limit F/n¯2 with
respect to average number n¯ for different values of photon loss
κ˜ = κ/ωm.
form of input optical states |φ〉. Below we will consider
two common input states: the coherent state |α〉 and the
squeezed vacuum state |ξ〉.
A. Coherent state |α〉
Suppose that the cavity photons are in a coherent
state [42]
|φ〉 ≡ |α〉 = e−|α|2/2
∑
n=0
αn√
n!
|n〉 , (20)
and substitute it into Eq. (13), we get the corresponding
matrix elements as
ρeg(τ) =
e−i2π(Ω˜A−g˜
2
ab) exp
[
n¯|α〉e−4πκ˜e−i2π(G˜−2O)
]
2en¯|α〉
,
ρge(τ) = ρ
∗
eg(τ),
ρee(τ) = ρgg(τ) =
1
2
exp
[
n¯|α〉(e
−4πκ˜ − 1)] , (21)
where n¯|α〉 = |α|2 is the average photon number.
After deriving ρeg with O, the expression of A can be
written as
A|α〉 = i4πn¯|α〉e−4πκ˜e−i2π(G˜−2O). (22)
Based on Eqs. (16) and (17), we can obtain the QFI
assisted by the case of coherent state input (see Tab. 1).
B. Squeezed vacuum state |ξ〉
We now turn to the case of squeezed vacuum state
input the cavity. The definition of squeezed vacuum state
5TABLE I. The average photon number n¯ in the cavity, the optimal working points O∗, the optimal classical contribution
F ∗c , the optimal quantum contribution F
∗
q of the QFI, and the total QFI in the optimal working points for coherent state and
squeezed vacuum state when κ˜→ 0.
|φ〉 n¯ optimal points O∗ classical contribution F ∗c quantum contribution F ∗q total QFI F ∗κ˜→0 = F ∗c + F ∗q
|α〉 |α|2 0.5(G˜ ±m),m = 0, 1, 2, ... 16pi2n¯e−4piκ˜ 16pi2n¯2e−8piκ˜ 16pi2n¯(n¯+ 1) > n¯2
|ξ〉 sinh2(r) 0.5(G˜ ± 0.5m),m = 0, 1, 2, ... 32pi2n¯(n¯+1)
[(n¯+1)e8πκ˜−n¯]2
16pi2n¯2
[(n¯+1)e8πκ˜−n¯]2
48pi2n¯(n¯+ 2/3) > n¯2
is [42]
|φ〉 ≡ |ξ〉 =
√
sech(r)
∞∑
n=0
√
(2n)!
2nn!
[−e−iϑ tanh(r)]n |2n〉 ,
(23)
with r the squeezing factor. Note that |ξ〉 is a superpo-
sition only of even photon number states, thus we have
〈2m|ξ〉 =
√
sech(r)(2m)!
2mm!
[−e−iϑ tanh(r)]m . (24)
Upon substituting the above equations into Eq. (13), we
have
ρeg(τ) = ρ
∗
eg(τ) =
e−i2π(Ω˜A−g˜
2
ab
) sech(r)
2
√
1− e−8πκ˜e−i4π(G˜−2O) tanh2(r)
,
ρee(τ) = ρgg(τ) =
sech(r)
2
√
1− e−8πκ˜ tanh2(r)
. (25)
And the corresponding form of A can be found as
A|ξ〉 =
i4πe−8πκ˜ exp
[
−i4π(G˜− 2O)
]
tanh2(r)
1− e−8πκ˜ exp
[
−i4π
(
G˜− 2O
)]
tanh2(r)
. (26)
Then applying Eqs. (16) and (17), we can acquire the
QFI. A comparison of the optimal QFI obtained with
the two different input states is given in Tab. 1.
V. SUPERSENSITIVE COUPLING-RATE
ESTIMATION
In this section, we discuss the Heisenberg-limited esti-
mation precision of the coupling-rate in the presence of
photon loss, and give the optimal measurement scheme
which can saturate the QCR bound.
A. Heisenberg-limited sensitivity in the presence of
photon loss
To clearly see the behavior of the QFI with respect to
O, in Fig. 2 we compare the QFI assisted by the above
two input states with only single photon for various pho-
ton loss rates κ˜ = κ/ωm.
As is shown, in our hybrid system both the coherent
state and squeezed vacuum state can induce very large
QFI which depends on G˜ and the maximum value is
larger than n¯2 ( the HL). For coherent state the opti-
mal values of QFI can be found when O → 0.5(G˜±m),
(m = 0, 1, 2, ...), while for squeezed state the optimal
points are O → 0.5(G˜ ± 0.5m), (m = 0, 1, 2, ...). As
expected, when κ˜ is not too large, as a useful resource
for quantum metrology, the squeezed state outperforms
that of coherent sate. However, for large κ˜ the situation
becomes quite different.
In Fig. 3, we plot the optimal rates of the HL F/n¯2 with
respect to mean photon number n¯ for different values of
loss rate κ˜. When κ˜ → 0 and n¯ = 1, for squeezed state
the optimal rate is Fξ/n¯
2 → 90π2, which gains an advan-
tage over that of the coherent state case Fα/n¯
2 → 32π2
(see Tab. 1). With the average photon number n¯ in-
creasing, both the rates will decrease and then tend to
the steady values, Fξ/n¯
2 = 48π2 and Fα/n¯
2 = 16π2 [see
Fig. 3(a)]. When photon loss rate κ˜ increasing, the ad-
vantage of squeezed state gradually loses, as shown in
Fig. 3(a) and (b). These results mean that we can ob-
tain supersensitive estimation of the coupling rates in our
hybrid optomechanical system by using either coherent
state or squeezed vacuum state even when small number
of photons input. For small κ˜, squeezed state shows ad-
vantage, but with the increase of κ˜ the coherent state is
more robust against the photon loss.
According to Eqs. (16) and (17), we know that the to-
tal QFI involves two parts: the classical (Fc) and quan-
tum (Fq) contribution. In Fig. 4(a) and (b), we com-
pare Fc and Fq induced by coherent state and squeezed
state input cases. Here we fix the average photon num-
ber n¯ = 5, that is α =
√
5 and r ≈ 1.545. As shown
in Fig. 4, for coherent state input case the QFI main
originate from quantum contribution Fq. In fact, we can
check that when κ = 0 the maximal values of Fq and Fc
are Fq ≈ 16π2n¯2 and Fc ≈ 16π2n¯, respectively. Besides,
the optimal values of Fc are the same for the two differ-
ent input states. It means that the advantage of squeezed
state for quantum metrology in our system is attributed
to the classical contribution. In addition, we can clearly
see that Fc > Fq for squeezed state.
Let us now investigate the influence of the photon loss
on the estimation precision. As the QFI depends on av-
erage cavity photon number, the decrease of the average
cavity photon number will result in the estimation sen-
6sitivity reduce. To understand that coherent state can
perform better for parameter estimation than squeezed
vacuum state in the presence of photon loss, we first cal-
culate the average cavity photon number for the above
input states with photon loss and then give the critical
conditions of HL for them.
At time τ = 2π/ωm, by trace over the impurity part
and the Bogoliubov mode from the total density matrix,
the matrix elements of the cavity optical modes are
ρmn(τ) =
1
2
e−2πκ˜(m+n)e−iΩ˜c(m−n)τei2πχ˜
2(m2−n2)|〈n|φ〉|2
×
[
e−i2πG˜(m−n)ei4πχ˜g˜ab(m−n) + 1
]
. (27)
Then the average photon number n¯ in the cavity for co-
herent state and squeezed vacuum state can be obtained
as
n¯|α〉 =
∑
n
nρnn = |α|2 exp
[|α|2(e−4πκ˜ − 1)− 4πκ˜] ,
n¯|ξ〉 =
∑
n
2nρ2n2n =
sech(r) tanh2(r)e4πκ˜
[e8πκ˜ − tanh2(r)]3/2 . (28)
Figure 5(a) shows the average photon number n¯ in the
cavity as a function of loss rate κ˜. It indicates that with
the increase of κ˜, n¯|ξ〉 demonstrates faster decay than
that of n¯|α〉.
To maintain the Heisenberg-limited sensitivity, F ∼
n¯2, the values of photon loss κ˜ should be below a critical
condition. By calculating equation F (κ˜∗) = n¯2, we can
obtain the critical values for coherent state and squeezed
vacuum state, respectively, as
κ˜∗|α〉 =
1
4π
ln
[
4πn¯√
4π2 + n¯2 − 2π
]
,
κ˜∗|ξ〉 =
1
8π
ln
[
n¯2 + 4π
√
n¯(3n¯+ 2)
n¯(n¯+ 1)
]
. (29)
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and G˜ = 0.1. Part (b) shows the critical values κ˜∗ of photon
loss rate for Heisenberg limit as a function of average photon
number n¯.
Based on Eq. (29), we plot the critical values κ˜∗ of
photon loss rate for HL as a function of average photon
number n¯ in Fig. 5(b). We can see from Fig. 5(b) that
the critical values κ˜∗ for coherent state is always larger
than that of the squeezed vacuum state, which indicates
that the coherent state is more robust against the photon
loss. These results can be used to explain the phenomena
given in Fig. 2 and 3.
B. Measurement
In practical experiments, to find the optimal mea-
surement that can lead to the highest precision of the
estimated parameter is of practical importance. Here,
we consider a fixed measurement {|+〉〈+|, |−〉〈−|} [here
|±〉 = (|e〉 ± |g〉)/√2] to extract the information of the
estimated parameter O [38], which is quantified by the
classical Fisher information (CFI) Fcl
Fcl =
∑
±
[∂OP (±|O)]2
P (±|O) , (30)
where P (±|O) = 〈±|ρ|±〉 is the probability of getting the
measurement result at the eigenvalues of |±〉. Through
some calculations, we have
P (±|O) = 1
2
± Re[ρeg]
2ρee
, (31)
and the CFI can be obtained as
Fcl =
(Re[A]Re[ρeg]− Im[A]Im[ρeg ])2
ρ2ee − (Re[ρeg])2
. (32)
Then the standard deviation for the coefficient O is given
by the Crame´r-Rao (CR) bound
δOCR ≥ 1√
Fcl
=
√
ρ2ee − (Re[ρeg])2
|Re[A]Re[ρeg]− Im[A]Im[ρeg ]| ,(33)
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FIG. 6. The precision δO on the estimated parameter O for
squeezed vacuum state (a) and coherent state (b). Here n¯ = 5,
G˜ = 0.1, and the QCR bound δOQCR ≡ 1/
√
F .
usual we have δOCR ≥ δOQCR.
Note that the precision obtained by the fixed measure-
ment {|+〉〈+|, |−〉〈−|} is equivalent to the measurement
of the observable operator M = σx. Since the expecta-
tion of the measurement is given as
〈σx〉 =
ρeg + ρ
∗
eg
2ρee
=
Re[ρeg ]
ρee
, (34)
and the estimation fluctuation is ∆σx =
√
1− 〈σx〉2,
then we arrive at
d〈σx〉
dO
=
Re[A]Re[ρeg ]− Im[A]Im[ρeg]
ρee
. (35)
Based on the error propagation formula, the standard
deviation for the coefficient O is given by
δO =
∆σx
|d〈σx〉/dO| =
1√
Fcl
, (36)
which exactly agrees with Eq. (33).
By calculating Eq. (33), as shown in Fig. 6, we find
that the coupling strength sensitivity δOCR can be in ac-
cordance with the best sensitivity, i.e., δOQCR ≡ 1/
√
F ,
when omitting the phasing ei2π(g˜ab−Ω˜A) in Eq. (13).
VI. CONCLUSION
We have presented a scheme to obtain HL coupling-
rate estimation in a hybrid cavity optomechanics formed
by a cavity-BEC system coupled to an impurity. By cal-
culating the QFI of the impurity, we found that the pa-
rameter sensitivity can be remarkablely improved by us-
ing either coherent state or squeezed state fed into the
cavity. For small photon decay rate, compared with the
case of coherent state the squeezed vacuum state has
some advantage owing to the classical contribution of
the QFI. We also found that the HL can maintain even
in the presence of cavity photon loss. Through com-
paring the critical values of photon loss rate, we found
that the coherent state is more robust against the photon
loss than squeezed state. Furthermore, we have demon-
strated that the superprecision given by the QCR bound
can be realized by implementing the fixed measurement
{|+〉〈+|, |−〉〈−|} on the impurity atom.
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Appendix: Derivation of the effective Hamiltonian in the large detuning case
In this Appendix, we present a detailed derivation of the effective Hamiltonian of the system in the large-detuning
case. In the frame rotating at the cavity frequency ωc, the many-body Hamiltonian of the quasi-1D BEC reads [24]
HBEC =
∫
dx
[
Ψ†g(x)
(−~2
2m
d2
dx2
)
Ψg(x) + Ψ
†
e(x)
(−~2
2m
d2
dx2
+ ~∆ac
)
Ψe(x)
]
+
g1D
2
∫
dxΨ†g(x)Ψ
†
g(x)Ψg(x)Ψg(x),
(A.1)
where ∆ac = ωa−ωc is the detuning between the BEC atoms and the cavity field, Ψg(x) and Ψe(x) denote the atomic
field operators, which describe the annihilation of an atom at position x in the ground and excited states, respectively.
8They obey the usual bosonic commutation relations
[Ψf (x),Ψ
†
f ′(x
′)] = δ(x− x′)δff ′ , [Ψf (x),Ψf ′(x′)] = [Ψ†f (x),Ψ†f ′(x′)] = 0 (A.2)
for f, f ′ ∈ {e, g}. The interaction between the BEC and the cavity is described by the Hamiltonian
H intcav-BEC = ~g cos(kx)
∫
dx
[
Ψ†g(x)a
†Ψe(x) + Ψ†e(x)aΨg(x)
]
. (A.3)
In this rotating frame, the Hamiltonian of the two-level impurity atom reads Himp = ~∆ |e〉 〈e|. The Hamiltonian
describing the cavity-impurity coupling is written as
Hcav−imp = ~gac(a†σ−a + aσ
+
a ), (A.4)
where σ+a = (σ
−
a )
† = |e〉〈g| are the ladder operators for the impurity, and gac = g0
∫
dxϕ(x) cos(kx) with g0 being the
maximum impurity-cavity coupling strength.
We assume that the BEC atoms are only coupled with the excited state |e〉 of the impurity atom via the Raman
transition
HBEC-imp = ~g¯
1D
BEC-imp |e〉 〈e|
∫
dx |ϕ|2Ψ†g(x)Ψg(x) (A.5)
where g¯1DBEC-imp is the 1D interaction strength, which can be obtained by integrating out the y and z variables of the
atomic field operators
g¯1DBEC-imp =
4π~aAB
mAB
∫
dydz |ϕ⊥(y, z)|2Ψ†⊥(y, z)Ψ⊥(y, z) =
4~aAB
mAB(ℓ2A⊥ + ℓ
2
B⊥)
, (A.6)
where we have assumed that Ψ⊥(y, z) = (πℓ2B)
−1/2e−(y
2+z2)/(2ℓ2
B
) and ϕ⊥(y, z) = (πℓ2A)
−1/2e−(y
2+z2)/(2ℓ2
A
).
Based on the above analyses, the Hamiltonian of the whole system can be expressed as
H = HBEC +H
int
cav−BEC +Himp +Hcav−imp +HBEC−imp. (A.7)
Accordingly, the Heisenberg equations for the various field operators are obtained as
∂Ψe(x)
∂t
= − i
~
[Ψe(x), H ] = i
(−~2
2m
d2
dx2
−∆ac
)
Ψe(x) − ig(x)aΨg(x) (A.8)
and
∂σ+a
∂t
= − i
~
[σ+a , H ] = i∆σ
+
a + iσ
+
a g¯
∫
dx |ϕ|2Ψ†g(x)Ψg(x) − igacσzaa†. (A.9)
Below, we assume that the temperature of the BEC is sufficient low to neglect the thermal excitation. In particular,
we consider the case where both the BEC-atom-cavity coupling and the impurity-cavity coupling work in the large-
detuning regine, and then the quantum coherence transition of the impurity and the BEC atoms can be eliminated
adiabatically. To this end, we neglect the kinetic energy term of the BEC atoms in the zero-temperature limit, because
it is much smaller than the internal energy term. Then the excited-state atomic field operator and the transition
operator of the impurity atom can be expressed as
Ψe(x) = −g(x)aΨg(x)
∆ac
, σ+a =
gaca
†σza
∆+ g¯1DBEC-imp |e〉 〈e|
∫
dx|ϕ|2Ψ†g(x)Ψg(x)
≃ gaca
†σza
∆+ δab|e〉〈e|+ gab|e〉〈e|(b+ b†) ≈
gaca
†σza
∆
,
(A.10)
the “ ≈ ” in the above equation based on the fact that ∆≫ g¯1DBEC-imp, δac and gab. Inserting the above equations for
Ψe(x) and σ
+
a into H , we arrive at
Heff =
∫
dxΨ†g(x)
(−~2
2m
d2
dx2
+ ~U0 cos
2(kx)a†a+
g1D
2
|Ψg(x)|2
)
Ψg(x) +Hinp
+~g¯1DBEC-imp |e〉 〈e|
∫
dx|ϕ|2Ψ†g(x)Ψg(x) + ~∆|e〉〈e|+ ~δac
[
4|e〉〈e|a†a− 2a†a+ |e〉〈e|] , (A.11)
where U0 = −g2/∆ac. In the main text, we denote Ψg(x) with Ψ(x).
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